
 
lecture19
We'llgo

quicklythrough the 1stpartofthe SupplementaryNotes Make sure

youtrytheexercises Thenotes have a lotofdetail that we'll gloss
over or

ship Sep2 for a list oftopics we'll assume you
know b t we'll go over

some Attailedpapersgive a lot ofbasicfact
connections

Also see Juhnke Kubitzke Miro Roig Listof
Problems writtenindependentlyofthese

notes for hitof fleas
in the area arXiv 2311 03081 v1

notexercises

Background

Assume k is a field Characteristic zero algclosed are often armed

Interesting things sometimes happenwhenwechange thechariteristic

as we'llsee in all 3 courses probably

R KEY a polynomialring inn variables

R alsohasthe structure of a honour or graded ring

R R
t

where RI m c ofhomog polynomials of
degree t

Main point any polynomial
can bewritten in a naive way as a

sum of homeous polynomials

Note Rm R R mtp

Def An element of R is alsocalled a firm of dyreet

Note R is antually a skdardgradedk algeb.ro

R is generated'mdeg1 each is a fare and dim Rf

Angided I a k i a is finitelygenerated Ri Noetherian

thereexist f ft I suchthat



I lin tomb of the fi with inefficient
in R

g f I off 1g e R

For a homyneous ideal
I h x Y Xn

Thegenerators fi can bechosen to be homogeneous

It turns out that if I is homogeneousthen I I wherethe

first severaldirect summandsmay be
0 Noteeach I is afinitedin l vector

subspaceofCRI
The sorts of I in R form a standard graded k algebra R I

R I R IT where

R If

function health is
defined by

he th dim RI

dimCRI dim I t

There are important theorems aboutwhile functions can
be Hilbertfunctions

of some RII and about what information he I th givesyou about

RII

Exampledef at R beta a Then I ER is amenial ideal

if there exists a generating set consisting of monomials

A basis for IR I can beobtainedbylisting the
monomials ofdegree l

not in I TheHilbert functionof R I can be found by counting

thesemonomial ineachdegree



E g
I x x1 x2 y 73,2

4 k 7,7

Monomial
Degree not in If he I't

o 1 I

7 x y Z 3

72 xZ 43 422

4 s t x y Xyz
none

x z xy xy z xyz xZ
74,732

y z yz 24

Hilbertfunction is 11,33,2

Theorem Macaulay

at a 11 9,92 I be a sequenceofpositiveintegers TFAE

in a is theHilbertfunctionofsome standardgradedalgebra

121 a
monomial algebra

131 9 is an Osequence meaning each ait is lessthan or equal to a

very specific funition of a and i seethe rem 4.10 of notes

is finite iff thealgebras in Cil and 121 are artinian

2 The definition of theHilbertfunction of R I extends to the HF

of a greedmodule finitelygenerated



3 Let RII be a standardgraded k algebra let L be a linear form

Then L R I I I RII is an Rmodule homomorphism

In particular L RATE RIII is a k vectorspace homon

4 Given a homogeneous deal I ER the saturation of is

I fe R fresh tea en thereexists a

such that f I

I is saturated if I my I for my x1 Xn

I I sat

5 Fact if P is a subset then

I x idealgenerated by f R fi homog and

ftp.l otpex

is a saturated homogeneous ideal

E g 6,0 I CIP I IIX x y E R k x y z

Note I x2 x x2 y y z c R

vectorspace

If J x2 x x2 y 42 then J is not saturated because

my J and y my
EJ but J y J

In fact I J

6 depth RI if L is injective t see Def3.7 ofnotes

This happens for example when I is a saturated ideal

7 So when depth R It 0 there's no hope that L will always be

injtive Best hopeis that for each t it is either injective surjective



If thealgebra RII has the WLP if L III R I has

maximalrank i.e for all t for general
e R

RII has the Std if Ld RCI R I has

max rank for all t and all d for general Le R

Remark If depth R I then RII trivially has WLP and

SLP

So for WLP to be interesting we need depth
R I 0

where do we look for depth 0 algebras

we'll see two situations in a
moment

Remark simplifications useful

1 To prove WLP for RII it's enough tofind one
linearform that

has max rank All charasteristics openproperty

n If RCI ismonomial RII has WLP if and only if

x t t Xy has max rank

follows from 1 is a specialproperty for Ei
this

monomial algebras

3 If R I is Gorenstein e.g CI then RII has the WLP

A has maximal rank in themiddle more later

E R h x4,77 I x y Z L xtytz

HF 1,3 6 7,6
3 1 let's seehow thecharacteristicmatters

front



PII has wid

É L R I RTI has mail rk for gen't Le R and all t

x L R I RTI has mail rk for some Le R and all't

x L R I RTI has mail rk for L xtytz and all t

fast
l RSI R I is injective for L tytz

Eli L R I RII is surjective for L xxy z

Use let f ax any a xZ 9,7 at yz as E R I

Lf x a 9ft x Z a ta xy aztay Xy anta tap xZ a tag
omit

7 Z ay 9 yz 9 96ffsta.a.a.a.ir
la a a a a a 1md3 o

so injective iff char h 43 The characteristic matters

Remak one way
notthemostinteresting butimportant

for

L R I III to fail to beinjective is it RII
has

a role element in degree

f RA is a coele element if f x
o in RII i

ie fe III where my Hi a

we'll saymore
about socle later


