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lecture

Question If RII has WCP coulditsHilbert
function look like

lemma let c be a linearform We have the following exactsequence

1 it RE I RII RKIC 0

c

on L i RII R I L 0

once at is surjective in somedegrey it's surjective thereafter

In fact

i

Theorem HMNW Prop 5 for 4.6

Gt a 11,9 az a
be a finite sequenceof positive integers TFAE

H 9 is theHilbertfunctionof someactinianalgebra with what

121 1
SLP

3 is unimodal and thepositivepartof the 1stdifference

C 95 ar n ait 9 is an 0 sequence



sketch theproof

121 i 3 ca

2 111 obvious

111 3 Assume RII hasWLP and Hilbert
function 9 19,92 9s

Let C be a generallinearform

on
a 1 7 RAY RAI 1 0

dimensions t at

By max rank
dim RICI if max 0 9 9

3 121 See attachednotes

Consider the HF

4 1 4 10 15 22 22 8 8 2

This is an 0 sequence

The1st difference

1,3 6 5,7

5 4 9 31 6

Ex do antinianreductions have WLP always

let a IP be a set of 12 consisting of 10 generalpoints on aplane

plus 2 generalpoints in P



p4

h vectors
to generalpoints in a plane have 4 vector 1,23 4

HF ofRICH is 1,5 8 12 12

RAMI R IN R ICA LH 0

FEI 3,4
artinianreduction

can't have GLP

1 23 4

1 3 4 4

Qualdo all artinianGorensteinalgebra have LLP

b CI's

41 Monomialalgebra

Cdl ideals generatedby powerof linear
forms

Talk about a

1 Stanley produced a Gorensteinexamplewith HF 1,1312,13 1

Note 4 13

2 For any 4,214
thereexist non unimodalexamples

In the lase ofsoledegree 4 what can wesay for 4 12

Them M Zanello for socledegree 4 thisis thesmallestexample



4 For 4 Eh 12 andsocledegree4 there exist non WP examples

e9 1,410,104,1 Ikeda

1,417,7Y Altafi Dinn Faridi Masati MiroRoig
Seceleanu Villamizar

5 Boi You can havelotsofvalleys in the HF

6 For arbitraryh which Gorenstein Hilbertfunctions force WLP

e g 11,410,41 evencodedegree

whatabout 44,66,41

7 Conjecture for h 3 All artinianGorensteinalgebra have WCP charo

8 for 41 2 SLP always holds char0

Is
a whiteartinianGorensteinalgebras

have wer

b Do all SI's haveWep

C Monomialalgebras

d Idealsgeneratedbypowersoflinearforms

Example Exercise 51

Brenner Kaid 2007

I x y z xyz
c kCYy z R

HF 1,366,31 RII is levelbutfailsWLP

C C Tetterton



For n 3 char 0 all CI's have WLP

For a 24 muchless is known but thereare partialresults

Theorem Hmnw

Every CI in 6147,7 over a fieldof char 0 hasWLP

f f beactiafx.pt desfi di

if I f or f f depth RII It so wht holds

HF

d 12 2

I f f f with dg ditda l e.g didad 2,3 7

eg didad 2,3 7 HF 1,35,6 66,6 5 3,1

Fective inthemiddle

WLP

I f f f with d Edith 2

let be a generallinearform

Cuts
R Ile R IT has max rank of

et I Rl d Rfda RC d

G RCd.dz RCdi d Rl d2 d

Kostal resolution



on Rtd did 6 IF R RII 0

E

E isthesyzygymodule

on Red did 6 E 0

E IF R RE 0

Commutative diagram

EG Ffil Rfi RAG 0

167 1 4
E IF R RE 0

let R RICCI E K xy

EG 17 1
RID RAGI o

Kira o

1

I
R



EG ItI RIN RAGI o

167 1 4
E IF R RE 0

I
A

Eg
R B o

Snakelemma

on EC it E A R IC I RII B 0

Look in degree t

o IECill EGAI IR IC I RAIMI
t it'senoughto showthat for all either to or Blf 0

Nowsheatify let E É
7 I
E

92 R

op E
A x ̅

RTI 0 B O



eat 7 1 oil o

o e
to o

7 Op o

Snakelemma givesmaps

oneii aim oil o

o
to o

o p
so

Elp
For d Ed d 2 E is semisteble

Elp Opt a Op f b with la ble
Granert

Milich

Ctl holds

h 941 I

h 9 41
1

1 3 te 2



Jacobian ideals

e g F E K 2 3 4

5

when F is smooth RCJ is an artinian CI

when F is not smooth J defines some subsheme of1P

but J may or maynot be saturated

If J is saturated RIT may or maynot be CM

Specialcase F is a productof linear forms


