
 

If offshoots lie relatedtopics

I The htz scheme

Def let R I be a standardgraded
artinian algebra The klutz

10 LAI is thesetof LER that are net Lefschetzelements

Thecleanest situation is when RII is Gorenstein

lemme let RI be a gradedartinianGorensteinalgebra
withHilbertftn either

i

t.fi fail
iii so reel

livinsocledegree
151 r ha ht l hthtti hat2 it hat

4 hi i i

let L be a linear form let i t

If L R I RCI fails to be surjective then

L RTI IR I

So to capture all the non Lefschetz elements it's
enough to look at

L REL RTI ie in themiddle I

dit gives a statement about infectivity important

2 a stronger ideal theoretic statement
that we'llomit

3 I'll leave theproof to you

How do we get our hands on Lei when R I is Grenstein



Ex I x2y z calx y z

Hf 13 left axthy at

choose a basisfor RII fr Ily and form thematrixfor L

xy xyz z je y i
xy z c b o a o o

xyz o c b o a o
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y Z 0 0 0 0 c b

LRA is given bytheidealof maximal
minors of thismatrix It defines

a non reduced curve ofdegree 2 in P w variables a b c HP at 5

II Ear systems Independent tenens

let R k x y z and consider the S R

basis y x2 y 72,7

typical element a x a 7

Two elements of R define thesame curve in P forshed
if they differ by a scalarmultiple

think of IP R It as parametiting the eyes in ofdegree

let P 1,437 c 11

which cures in P contain P

9,111 a 1 2 a 111131 ay 21 a 121131 96 31 0

9 29 39 49 69 996 0

This defines a 5 dimensionalvectorsubspaceof R



Thus it defines a heptane in IPs ie 4 din't linearspacemade IP

We say I imposesone condition
on sonic in since the solutionspace

has codin I it's thesolutionspaceof one independent homog

linear equation

If there are k points weget k homog
linearequations whichmay ormay

not be independent

we say the k points
impose independentconditions if the corresp equations

are independent

Move to P

In general a tier system in P is theprojectivizationof a vector

subspace of R for romed where here R h x xn

Recall R is a v e ofdim t and thustheprojectivization is

a projective space IP of hyperenfaces of degreed

Axl set of k points aposes
min k I't conditions

Fat for any
linear systemthat'sat least i dim't imposing the

vanishing at

a general point is one new condition

Now go one stepfarther

Question howmany
conditions on IP is it for ahyperinfaceofdegree to

besingularat a point P
i e vanish tomultiplicity2

Answer we want the nai firstpartial
derivatives to vanish at P so nti conditions



In general to vanish at
P to multiplicity r wewant the Cr it partials to

vanish so I conditions Aretheyindependent

Eat for the complete linear system yes

For a smaller linearsystem not necessarily

I Unexpeted hypertanes
connection to Lefschetz later

Example DIV I is inthe room

2 9pts HF I 3 6 9 9

dim Iz 15 9 6 vectorspace

so weget a linear systemthat's a Ps

let P be a gen'tpoint we expect 13 12
2

6 conditionsfor a curve

in this linear system to
vanish to order 3 ie we don'texpectany such

care Andyet it alwaysexists

Thisexamplelann had an active area of research on exited hyperlaces

In this case unexpeitedcurves but thetheoryextends to IP



Moreprecisely

an element F E Iz vanishes to order rat P

iff Fe Iz n Ii

If Given a set 2 P positiveinteger dir and a generalpoint
P

theactualdimension is a dim dim Iz n If
The virtual dimension is v dim dim Iz rith
theexerted idea is e dim max v dim 0

2 admitayunextedhyeeofhdndmlt.it
a dim e din

This happens in the preseeding example

II Erected Cons

Def In thepreviousdefinition if d r then 2 admits an unexpected core

ofdegree d

why S ppore S is such a hypersurface
A general line thru P already

meets S in a 0 din't schemeofdegree d so it it contains one more point

of 5 it must be
inside5 So 5 is a son

III cnn.peitemor not it shows that for theposition

from P to a general hyperplane it we have Ip 2 lies in a degree

d hypersurface of H



4 i car Entire this man

no four on a plane Note HF 1 4 6,6

Clain a general projectionof 2 to a hyperplane P does not lie on a

conic tune

proof

Gt 2 Pi Pa

It suffices to find one
suchprojection

Chooseany 3 of the points say
P P Ps and let it be theplanetheyspan

No otherpoint of 2 lies
on It

let P be a generalpoint of H and Ip the projection from P

Tp PsR P lie on a line but Ip
PyPtP don't

Pr

P

i Ip 12 does not lie on a sonic µ



actin which point Pep to have theproperty that Tp
121 lies

on a sonic

Def let W bethesetof all suchpoints W is theWeddlesurface of 2

Agri observation
TFAE

11 PEW

121 Tp Z lies on a sonic

131 2 lies on a quadic one

1
141 In Ip

what does W look like

First some obvious subsetsofW

1 let PTP be thelinejoining Pi I Then projecting from any point

of PTP collapses Pi P so Tp 21 hasjust 5 points
hence lies

on a ionic So we get I IT like on W

2 Partition 2 into 2 setsof 3 pts e g P P P PyPs Po

This gives 2 planes Hi Hz Let 7 H mHz Then projecting from

any pointfor 7 sends 2 to 6 pts on 2 lives
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3 Thepoints of 2 lie on W special caseof 1

Fact W is actually a
surface of degree 4 in P

seewhynextlecture

fast w is also the non Lefschetz locus of a
certain antiniangraded

algebra Seewhynexttime

Fastf If you weaken the
LGP assumption a little bit you still

get w to be a quartic surface but not as nice as above

e g 2 p Q

Q



W is a union of 4 planes

Q.IQ x ̅ x ̅ 705

Fatty Moreextreme

W is all of IP We'll revisit this
a

next lecture too

This will translate to an algebra that fails
WLP nexttime

Fa There is a more general notion of Weddle loci and Weddle

schemes even in higher P Seenotes

Faith theexamplefrom Fart 4 has a veryspecialproperty
Ageneral

projectionof 2 is a CI 2,3 obvious

Setsof pointswiththisproperty
are said to be geosi

Recently a lotof work hasgone into thestudyofgepro
i sets in P

and certain generalizations Wewon'tgetinto that here

See POLITUST


