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Introduction

Gorenstein algebras appear as cohomology rings in several categories.

For instance, real orientable manifolds, projective varieties, Kahler manifolds,
convex polytopes, matroids, Coxeter groups and tropical varieties are examples of
categories for which the ring of cohomology is an Artinian Gorenstein K-algebra.
The fundamental point is that these algebras can be characterized as algebras
satisfying Poincaré duality.
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Introduction

We deal with standard graded Artinian Gorenstein K-algebras over a field of
characteristic zero. A natural and classical problem consists in understanding their
possible Hilbert function, sometimes also called Hilbert vector. When the
codimension of the algebra is less than or equal to 3, all possible Hilbert vectors
were characterized in [22]; in particular, they are unimodal, i.e. they never strictly
increase after a strict decrease.



Intraduction Consider the family AGk(r, d) of standard graded Artinian Gorenstein K-algebras
of socle degree d and codimension r.
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Introduction

Consider the family AGk(r, d) of standard graded Artinian Gorenstein K-algebras
of socle degree d and codimension r.

By Poncaré duality, the Hilbert function of A € AGk(r,d) is a symmetric vector
Hilb(A) = (1,r, h2, ..., hg_2,r,1), that is hx = hg_k. There is a natural partial
order in this family given by:

(17r7h27'--7hd—27r,1)j(lar7i72a"'ai7d—25r71)7

if hy <h;, forallie{2,...,d—2}.



Introduction

Consider the family AGk(r, d) of standard graded Artinian Gorenstein K-algebras
of socle degree d and codimension r.

By Poncaré duality, the Hilbert function of A € AGk(r,d) is a symmetric vector
Hilb(A) = (1,r, h2, ..., hg_2,r,1), that is hx = hg_k. There is a natural partial
order in this family given by:

(17r7h27'--7hd—27r,1)j(lar7i72a"'ai7d—25r71)7

if hy <h;, forallie{2,...,d—2}.

The maximal Hilbert functions are associated to compressed algebras and
completely described in [13]. In fact the Hilbert vector of a compressed Gorenstein
algebra is a maximum in AGk(r, d).



Introduction

On the other hand, classifying minimal Hilbert functions is a hard problem. We do
not know in general if there is a minimum.
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Introduction

On the other hand, classifying minimal Hilbert functions is a hard problem. We do
not know in general if there is a minimum.

Moreover, given two comparable Gorenstein Hilbert functions, it is not true that
any symmetric vector between them is Gorenstein. Some partial results in this
direction were obtained in [25] and called the interval conjecture.



Introduction

On the other hand, classifying minimal Hilbert functions is a hard problem. We do
not know in general if there is a minimum.

Moreover, given two comparable Gorenstein Hilbert functions, it is not true that
any symmetric vector between them is Gorenstein. Some partial results in this
direction were obtained in [25] and called the interval conjecture.

We conjecture:

A class of Artinian Gorenstein Hilbert algebras called full Perazzo algebras always
have minimal Hilbert function, fixing codimension and length.
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We prove the conjecture in length four and five, in low codimension.
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We prove the conjecture in length four and five, in low codimension. We also
prove the conjecture for a particular subclass of algebras that occurs in every
length and certain codimensions.



Introduction

We prove the conjecture in length four and five, in low codimension. We also
prove the conjecture for a particular subclass of algebras that occurs in every
length and certain codimensions.

As a consequence of our methods we give a new proof of part of a known result

about the asymptotic behavior of the minimum entry of a Gorenstein Hilbert
function.



While it is known that non unimodal Gorenstein h-vectors exist in every
codimension greater than or equal to 5 (see [4]), it is open whether non unimodal
Gorenstein h-vectors of codimension 4 exist.

Introduction



Introduction

Historically, the first such example of a non unimodal Gorenstein h-vector was
given by Stanley, that showed that the h-vector (1,13,12,13,1) is indeed a
Gorenstein h-vector and the non unimodality occurs here in degree 2 (see
[22][Example 4.3]).
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Introduction

Historically, the first such example of a non unimodal Gorenstein h-vector was
given by Stanley, that showed that the h-vector (1,13,12,13,1) is indeed a
Gorenstein h-vector and the non unimodality occurs here in degree 2 (see
[22][Example 4.3]).

|
Stanley's example is optimal and for our purposes we call it minimal, (see [22]).

We say that a vector is totally non unimodal if

hy > hy > ... > hy fork:{d/2j.
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A totally non-unimodal Gorenstein Hilbert vector exists for every socle degree
d > 4 when the codimension r is large enough.
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Introduction

A totally non-unimodal Gorenstein Hilbert vector exists for every socle degree
d > 4 when the codimension r is large enough. It is related to a conjecture posed

by Stanley and proved in [1, 2] and also a consequence of our Proposition 1, see
Corollary 2.



Introduction

A totally non-unimodal Gorenstein Hilbert vector exists for every socle degree

d > 4 when the codimension r is large enough. It is related to a conjecture posed
by Stanley and proved in [1, 2] and also a consequence of our Proposition 1, see
Corollary 2.

From Macaulay-Matlis duality, every standard graded Artinian Gorenstein
K-algebra can be presented by a quotient of a ring of differential operators by a
homogeneous ideal that is the annihilator of a single form in the dual ring of
polynomials. Full Perazzo algebras are associated with full Perazzo polynomials,
they are the family that we will study in detail.



Introduction

Perazzo polynomials are related to Gordan and Noether theory of forms with
vanishing Hessian (see [10, Chapter 7] and [20]).

In [8] we study full Perazzo algebras focusing on socle degree 4, showing that they
have minimal Hilbert vector in some cases.



Introduction

Perazzo polynomials are related to Gordan and Noether theory of forms with
vanishing Hessian (see [10, Chapter 7] and [20]).

In [8] we study full Perazzo algebras focusing on socle degree 4, showing that they
have minimal Hilbert vector in some cases. Now we deal with codimension greater
than 13. In the case of socle degree 4 we recall the known results:
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® \We have constructed a family of Gorenstein algebras called Full Perazzo
algebras and our main result is that, for small m, precisely m = 3,4,5, the
Hilbert vectors of Full Perazzo algebras of type m, are always minimal.
Moreover, we have given a simple proof of Stanley's conjecture and we have
pointed out that the h-vector of the Stanley’s example is a special case of a
Full Perazzo algebra.



® \We have constructed a family of Gorenstein algebras called Full Perazzo
algebras and our main result is that, for small m, precisely m = 3,4,5, the
Hilbert vectors of Full Perazzo algebras of type m, are always minimal.
Moreover, we have given a simple proof of Stanley's conjecture and we have
pointed out that the h-vector of the Stanley’s example is a special case of a
. Full Perazzo algebra.

® We have introduced another family of Artinian Gorenstein algebras having
‘ non unimodal Gorenstein h-vectors: the Turan algebras that are Artinian
Gorestein algebra presented by quadrics. We gave a conjecture about the

asymptotic behaviour of Artinian Gorenstein algebra presented by quadrics.




Preliminaries

We deal with standard bigraded Artinian Gorenstein algebras, i.e. Artinian
Introduction Gorenstein algebras, A = @ﬂ:oAk, such that

Ag %0
k

A = EPA(i ki for k < d.
i=0

The pair (di, d2), such that Ay, 4,y # 0 and di + d> = d, is said the socle
bidegree of A.
Remark 1

Since A} ~ Ay_i and since duality is compatible with direct sum, we get
A>(ki,j) = Aldy—i,da—j)-




Full Perazzo
Algebras

Full Perazzo Algebras

Let K[x1,...,Xn, U1, .., Uy] be the polynomial ring in the n variables xi, ..., x, and in
the m variables vy, ..., u,. A Perazzo polynomial is a reduced bihomogeneous
polynomial f € K[x1,...,Xn, U1, ..., Un]@1,d—1), of degree d, of type
n
f= ingi (1)
i=1
with g; € K[ua, ..., Umlg—1, for i =1,..., n, linearly independent and algebraically

dependent polynomials in the variables uy, ..., un.
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Full Perazzo Algebras

Let K[x1,...,Xn, U1, .., Uy] be the polynomial ring in the n variables xi, ..., x, and in
the m variables vy, ..., u,. A Perazzo polynomial is a reduced bihomogeneous
polynomial f € K[x1,...,Xn, U1, ..., Un]@1,d—1), of degree d, of type

n

f= ingi (1)

i=1
with g; € K[ua, ..., Umlg—1, for i =1,..., n, linearly independent and algebraically
dependent polynomials in the variables uy, ..., un.

Remark 2

A Perazzo polynomial f € K[x1,...,Xn, U1, ..., Um](1,4—1) Of degree d is a Nagata
polynomial, hence the algebra A = Q/ Ann(f), associated to f, where

Q =K[Xi,...,Xpn, U,..., Un] is the ring of the differential operators, can be
realized as a Nagata idealization of order 1, socle degree d and codimension n+ m.




Full Perazzo
Algebras

By above Remark (2), we can give the following definition:

Let f € K[x1,...,Xn, U1, .., Unm](1,d4—1) be a Perazzo polynomial of degree d. The
algebra A= Q/ Ann(f) associated to f is called Perazzo algebra and it is a
bigraded algebra of socle degree d and codimension n+ m.



Full Perazzo
Algebras

By above Remark (2), we can give the following definition:

Definition
Let f € K[x1,...,Xn, U1, .., Unm](1,d4—1) be a Perazzo polynomial of degree d. The
algebra A= Q/ Ann(f) associated to f is called Perazzo algebra and it is a
bigraded algebra of socle degree d and codimension n+ m.

Now we fix m > 2 and we consider the m variables u1, ..., u,. Let us consider
M; = ujoléj1 --'ujamj’" for j=1,...,7m where 7, := (’"jff) and
aj + -+, =d-1.
A bihomogeneous polynomial f € K[xy, ..., Xz, U1, ..., Um]1,d—1) of degree d of
type:

Tm

=3 @
j=1

is called Full Perazzo polynomial of type m.



Full Perazzo
Algebras

As in Remark (2), let f € K[x1, ..., Xz, U1, ..., Um](1,4-1) be a Full Perazzo
polynomial of type m and of degree d, the algebra A = Q/ Ann(f), associated to
f, where Q = K[X1,...,X;,, Ui, ..., Uyl is the ring of the differential operators,
can be realized as a Nagata idealization of order 1, socle degree d and
codimension m + 7.



Full Perazzo
Algebras

As in Remark (2), let f € K[x1, ..., Xz, U1, ..., Um](1,4-1) be a Full Perazzo
polynomial of type m and of degree d, the algebra A = Q/ Ann(f), associated to
f, where Q = K[X1,...,X;,, Ui, ..., Uyl is the ring of the differential operators,
can be realized as a Nagata idealization of order 1, socle degree d and
codimension m + 7.

By above Remark (3), we can give the following definition:

Definition
Let f € K[x1,..., %, u1,...,Um](1,4—1) be a Full Perazzo polynomial of degree d.

The algebra A = Q/ Ann(f) associated to f is called Full Perazzo algebra and it
is a bigraded algebra of socle degree d and codimension m + 7.



Full Perazzo
Algebras

Let A be a Full Perazzo algebra of type m > 2 and socle degree d. Then, for
k=0,...,[2], e =dim A = (") 4+ (MTITF).
In particular, its Hilbert function is totally non-unimodal for r >> 0.

To verify that the Hilbert vector is asymptotically totally non unimodal it is
enough to see that as a function of m, hx(m) ~ ﬁmd_k for k < d/2.

Corollary 2

For every d > 4 there is a positive integer ry such that for all r > ry there is an
Artinian Gorenstein algebra with socle degree d and codimension r having a
totally non unimodal Hilbert vector.



Full Perazzo
Algebras

Definition
Let r, d be fixed positive integers and let H be a length d + 1 symmetric vector

(1,r,ha, ..., hg_o,r,1). We say that H is a minimal Artinian Gorenstein
Hilbert function of socle degree d and codimension r if:

@ there is an Artinian Gorenstein algebra such that Hilb(A) = H;

® H is minimal in AG(r, d) with respect to <. To be precise, if Ais a
comparable Artinian Gorenstein Hilbert vector such that H < H, then H = H.

We now present the Weak full Perazzo Conjecture.

Conjecture

Let H be the Hilbert vector of a full Perazzo algebra of type m and socle degree
d. Then H is minimal in AG(r, d).



AGk(r,d) =< A: A~ )
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Algebras

AGe(rd) = A+ A% gl |

we can give the following:

Let 0 < k < d be an integer, we can define the following functions:
pi(r,d) = minacag {dim Ay}, 0x(r,d) =r — pk(r, d).

Fixed d, we can consider the above functions without dependence by d, hence
wi(r,d) = pg(r) and dx(r,d) = dx(r). We have the following lemmas:



Full Perazzo
Algebras

AGe(rd) = A+ A% gl |

we can give the following:

Let 0 < k < d be an integer, we can define the following functions:

p(r, d) = minacag {dim Ax}, Oi(r,d) = r — pi(r, d).

Fixed d, we can consider the above functions without dependence by d, hence
wi(r,d) = pg(r) and dx(r,d) = dx(r). We have the following lemmas:

Lemma 1

p(r+1) < pu(r)+1 Vk=0,1,....d



Full Perazzo

Algebras As a consequence of Lemma (1), we have the following:

The function dx(r) is non-decreasing in r.
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Full Perazzo

Algebras As a consequence of Lemma (1), we have the following:

The function dx(r) is non-decreasing in r.

Lemma 3

The function p(r) is non-decreasing in r.




Full Perazzo

Algebras Remark 4

Notice that from the previous lemmas it is easy to see that both functions py
and Jy satisfy the following monotonic behavior for each r.

pr(r+1) = p(r) or pe(r+1) = pp(r) + 1.

(5k(r ol 1) = 5k(r) or 6k(r ol 1) = 6k(r) + 1.




We now present a stronger conjecture.
ol Peranme Let r, d be fixed positive integers and let H be a length d 4+ 1 symmetric vector

Algebras (1,r,ha, ..., hg_o,r,1). We say that H is a strongly minimal Gorenstein
Hilbert function of socle degree d and codimension r if:

@ there is an Artinian Gorenstein algebra such that Hilb(A) = H;
® H is minimal in AG(r, d) with respect to =;

© hx = pk(r) for every k € {2,3,...,]d/2]};

© For every k € {2,3,...,]d/2]}, we have 0x(r — 1) < di(r).

We now have the conditions to propose the Strong full Perazzo Conjecture.

Conjecture

Let H be the Hilbert vector of a full Perazzo algebra of type m and socle degree
d. Then H is strongly minimal in AG(r, d).



Fixed k = [ 4], for every A € AGk(r, d), we can have different Hilbert vectors
that are non unimodal, and the study of the asymptotic behavior of the function

Full Perazzo

Al 1k (r) gives us information about the valley of the Hilbert function in the middle:

I
I
I
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A conjecture of Stanley

Now we analyze the case d = 4. Consider AGk(r,4) the family of all Gorenstein
algebras in codimension r and socle degree 4. For every A € AGk(r,4), the
Hilbert vector will always be of type

A conjecture of (Lr,u(r),l’,l)

Stanley

denoting po(r) by p(r).



A conjecture of Stanley

Now we analyze the case d = 4. Consider AGk(r,4) the family of all Gorenstein
algebras in codimension r and socle degree 4. For every A € AGk(r,4), the
Hilbert vector will always be of type

A conjecture of (Lr,u(r),r,l)

Stanley

denoting pa(r) by pu(r).
We gave a new short proof of the Theorem in [16] solving Stanley’s conjecture.

Theorem 3
Let A€ AGk(r,4) be a Gorenstein algebra of codimension r. Then

17100 IPPYE:
e



Then we study Gorenstein Hilbert functions of algebras with socle degree 4 and 5.
Part of the results in socle degree 4 can be found in [8].
In socle degree 4, a Gorenstein sequence is of the form

(1,r,h,r,1).

Let p(r) be the integer such that (1, r, u(r),r,1) is a Gorenstein sequence, but
(1,r,u(r) —1,r,1) is not a Gorenstein sequence.

It is well known that (1, r, h,r,1) is a Gorenstein sequence if and only if

pu(r) <h< (rzl) (see [2]). We set 6(r) = r — p(r).

Definition

We say that the Gorenstein sequence (1, r, u(r), r,1) is minimal. Moreover we say
that the Gorenstein sequence (1, r, u(r), r,1) is strongly minimal if
o(r—1) < o(r).



By Remark 5.4 in [8], if (1, r, u(r), r,1) is strongly minimal, then
o(r)=0(r—1)+1.

The minimal r such that (1, r, u(r), r,1) is not unimodal is r = 13 ([19]). So
0(r) =0 for r <12.

Proposition 4

o(r)=1iff13 < r <19.
Consequently the sequence (1,13,12,13,1) is strongly minimal.
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Corollary 5

0(20) = 2. Consequently the sequence (1,20, 18,20, 1) is strongly minimal.
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Corollary 5

0(20) = 2. Consequently the sequence (1,20, 18,20, 1) is strongly minimal.



Corollary 5

0(20) = 2. Consequently the sequence (1,20, 18,20, 1) is strongly minimal.

Let m > 3. We have that




By consequences of the theorems of Green and Macaulay we have:

0(24) = 4 and 6(40) = 10.

Corollary 8

5(25) = 4.

Corollary 9

0(23) = 3. Consequently the sequence (1,24,20,24,1) is strongly minimal.




By consequences of the theorems of Green and Macaulay we have:

0(24) = 4 and 6(40) = 10.

Corollary 8

5(25) = 4.

Corollary 9

0(23) = 3. Consequently the sequence (1,24,20,24,1) is strongly minimal.

Proposition 10
2 < 6(21) < 6(22) < §(23) < 4.




By consequences of the theorems of Green and Macaulay we have:

0(24) = 4 and 6(40) = 10.

Corollary 8

5(25) = 4.

Corollary 9

0(23) = 3. Consequently the sequence (1,24,20,24,1) is strongly minimal.

Proposition 10
2 < 6(21) < 6(22) < §(23) < 4.

Proposition 11
20 < §(62) < 21.



Proposition 12

0(26) = 4 = 4(27).
In socle degree 5, a Gorenstein sequence is of the form
(1,r,h,h,r,1).

Let p(r) be the integer such that (1, r, u(r), u(r), r, 1) is a Gorenstein sequence,
but (1, r,u(r) — 1, u(r) — 1,r,1) is not a Gorenstein sequence.

. . . . 41
It is well known that (1,r, h, h,r,1) is a Gorenstein sequence iff pu(r) < h < ("37)
(see [2]).
We set 6(r) = r — p(r).



We say that the Gorenstein sequence (1, r, u(r), u(r), r,1) is minimal. Moreover
we say that the Gorenstein sequence (1, r, u(r), pu(r), r, 1) is strongly minimal if

o(r—1) < o(r).

Proposition 13

In socle degree 5 we have
o(r) =0 iffr <16.
o(r)=1iffr=17.
For18 <r <25,4(r) =2




Minimal Gorenstein
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Proposition 14

Let m > 3. We have that



Proposition 14

Let m > 3. We have that
m+3 m+5/m
> — .
(e ("07)) 272 (5)

By the theorem of Green and Macaulay we can prove:

Theorem 15
Form € {3,4,5,6,7,8,9,10}, we have § (m n ("’;{3)) = mES (™) That s, the
full Perazzo conjecture is true in these cases.




Corollary 16

The Gorenstein vector
(1,18,16,16,18,1)

is strongly minimal.

Minimal Gorenstein
Hilbert functions in
socle degree 5



A family of
minimal
Gorenstein
Hilbert functions

Consider the family of full Perazzo algebras of type m = 3 and socle degree d > 4.
Its Hilbert function is given by hy = (k”kq) + (ngi;k), for k < |d/2] and by
symmetry we get hg_, = hy.

Theorem 17

Every full Perazzo algebra with socle degree d > 4 of type m = 3 has minimal
Hilbert function.



Asymptotic
behaviour of the
minimum

In this section we give a simple proof of Theorem 3.6 in [2].
Let P, =m+ (mjff) be the codimension of a Full Perazzo algebra of type m.
Denote by jtg «(r) the minimal entry in degree k of a Gorenstein h-vector with

codimension r and socle degree d.

Lemma 4

m+d—-k-1
>
tid,k(Pm) = ( dk )



Theorem 18

Let A be a Gorenstein algebra of codimension r and socle degree d. Then, for all
k< [ld/2]]

o Hak(n) _ ((d=1HF
oo 4 CE

=X

Asymptotic
behaviour of the
minimum
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